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Abstract— This paper describes a method for calculating the 
end-ring impedance of a squirrel cage induction motor using the 
method of images. The method is verified using finite element 
analysis. A second method is also discussed but was found to be 
too simple to be accurate. The second part of the paper addresses 
the effect of this impedance variation on the motor performance 
with particular attention being paid to the starting torque. 
 
Index Terms—end-ring, induction motor, rotor impedance 
I. INTRODUCTION 
HIS paper investigates a simple but effective method to 
calculate the end-ring impedance (essentially the 
resistance) of a cage rotor in an induction motor. This method 
can be used in analytical models (a typical per-phase circuit 
for a 3-phase machine is shown in Fig. 1) or 2d finite element 
models where a lumped equivalent circuit parameter for the 
end-ring impedance can be put into the circuit. The values of 
the impedances in the equivalent circuit in Fig. 1 dictate the 
motor performance. This is similar to a transformer equivalent 
circuit; the primary consists of the 3-phase stator winding 
while the secondary consists of the cage structure (aluminum 
or copper) on the rotor. The rotor cage bars lie in slots or holes 
just under the rotor surface while the bar ends are connected 
by rings at each end which are either part of the casting for an 
aluminum cage or brazed on if fabricated from copper. The 
rings may be butted up against the rotor core-pack (cast) or be 
located away from the core-pack to allow brazing to take 
place. The rotor impedance will therefore consist of the bar 
resistance and leakage reactance, the end-ring resistance and 
leakage reactance, the differential reactance and a skew 
reactance (due to skew of the cage down the axial length). The 
rotor impedance tends to be dominated by the bar impedance 
and differential reactance although the end-ring can make a 
difference to the motor performance. Often the end-ring 
reactance is ignored and a simple resistance term, based on the 
segment length and area and also the pole pitch of the segment, 
is used to calculate the resistance, i.e., it is the effective dc 
resistance of the end-ring. At rated speed and for the 
fundamental forward-rotating field, this is usually a good 
calculation. At start (for a direct on-line start of a grid-
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connected machine where the frequency of the supply is grid 
frequency) there may be substantial skin effect in the ring in a 
large machine so that an ac resistance should really be used. It 
must be stated, though, that the amount contributed by the end-
ring resistance and reactance to the rotor impedance will vary 
from machine to machine; if the machine has end-rings with 
large cross-sectional areas then the contribution can be 
relatively small, whereas if high starting torque is required, 
then one technique is to decrease the end-ring cross section, 
which increases the rotor resistance and hence starting torque 
(increasing the rotor resistance will usually increase the 
starting torque). If using FEA or an analytical package such as 
the SPEED PC-IMD package (developed by the University of 
Glasgow, UK) then skin effect in the rotor bar is either implicit 
in the calculation method (FEA) or can added as required 
when modeling large machines (SPEED). However it is most 
unusual to incorporate a skin-effect allowance for the end-ring 
reactance. It is often found to be the case that when measuring 
the power, current and power factor of an induction machine 
when starting, it is possible to obtain two of these components 
accurately by modeling, but the third is inaccurate by several 
percentage points. Refining the circuit parameters to a greater 
degree of accuracy will obviously improve the accuracy of 
modeling. The author has already investigated one additional 
refinement of the skew reactance term in small motors [1] by 
incorporation of inter-bar current into the modeling process of 
the fundamental forward-rotating component in a balanced 3-
phase motor (and this will be extended to allow for the effects 
on the harmonic components in Alger’s equivalent circuit [2] 
and backwards rotating component when unbalanced). This 
paper, in a similar vein, will address further refinement of the 
rotor impedance and show the affects of frequency variation 
on the end-ring impedance.  
 
 
Fig. 1.  Per-phase equivalent circuit for a 3-phase induction motor 
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The work reported here uses a model first developed by 
Williamson and Mueller [3] and develops it further to 
incorporate a non-uniform distribution of end-ring elements. 
This is because the change in current density is greater at the 
end-ring edges so that there needs to be a higher density of 
elements in the edge region. The work compares the results to 
a finite element calculation and also a more trivial calculation 
technique using a method by Stoll [4] which is not necessarily 
a method for calculating end-ring reactance. The Stoll method 
is shown to be inappropriate.  
These methods for modeling the end-ring reactance assume 
that the current flows in the circumferential direction. While 
this is not necessarily correct since the point where the bar 
joins the end-ring will lead to a redistribution of the current, 
this is a 3d problem of some complexity. This was studied by 
Yamazaki [5] as part of an overall 3d FEA study of an 
induction motor. However the aim of this paper is to present a 
more straightforward model to improve the accuracy of the 
design. Kim et al [6] also conducted a 3d FEA analysis of the 
end-ring region and illustrated that the current distribution 
across the ring is considerably altered and that the resistance is 
increased. A 2d FEA approach was used by Chan et al [7] 
(also by Williamson and Mueller as a verification process). 
While several people have studied the rotor as a complete 3d 
simulation, the problem with this approach is that the mesh 
region has to be fine in the bar/end-ring join to get accurate 
current distribution and also there is no inter-bar current in the 
model. This was illustrated by Kometani et al [8] who carried 
out a full 3d solution on a skewed rotor but still obtained a 5.5 
% error in the phase current. This work also showed the rms 
current in the end-ring which is not necessarily the correct 
component to illustrate; while the total rms current in the end-
ring may not change greatly, since it is almost current fed, the 
impedance will change since the end-ring voltage is floating. 
The end-ring can be considered as being current fed because 
its impedance is only one component of a set of series-
connected impedances in the rotor loop of the equivalent 
circuit. The bar resistance and leakage inductance, differential 
leakage reactance and skew reactance also have to be included 
in the rotor impedance. Therefore even if there is a large 
change in end-ring impedance, there may still be only a small 
change in total rotor impedance.   
The second part of this paper will assess the effect of ring-ring 
impedance adjustment due to skin effect on motor 
performance. This will be done using two large machine 
models. 
II. ANALYTICAL CALCULATIONS - ELEMENTAL METHOD AND 
STOLL ANALYSIS 
A. Elemental Analysis Using the Method of Images 
This model is straightforward and uses the Method of Images 
so that the end-ring, which is close or butted-up to the end of 
the rotor core-pack, is simulated using a single ring and an 
image of this ring on the opposite side of the rotor core edge. 
Fig. 2 shows the filamentary representation of the end-ring 
with its image ring. The edge of the rotor core represents a 
symmetrical centre of the model and flux will cross this 
boundary in the perpendicular direction; since the boundary is 
assumed to have infinite permeability then the flux distribution 
(and hence the solution) in the right-hand plane will be the 
same if we replace the iron boundary with this image ring. 
This is due to symmetry. The development of the theory will 
initially use filaments that are equally spaced and equally sized 
as used in [3]. However, as will be shown later, this is 
modified to use different sizes of elements as shown in Fig. 2. 
This is because the current will flow at the edges of the ring if 
the skin effect is high and the change of current density from 
element to element is large; whereas in the centre of the ring 
the current density is more uniform under all conditions so that 
the density of elements can be less. A matrix inversion is used 
to solve this problem and even with a modern computer the 
solution can take a period of time if the element density is high 
and many solutions are required over a range of operating 




Fig. 2.  Filamentary representation of the end-ring and image 
 
In a squirrel-cage rotor the current flows between bars via 
the two end-rings. The end-ring current is much higher than 
the bar current so that the cross-sectional area of the end-ring 
is likewise much higher. At standstill the frequency of the 
current in the ring is the same as the motor supply frequency. 
This frequency will decrease as the machine approaches the 
synchronous speed until zero is reached. Therefore fr = sfs 
where s is the slip between the rotor speed and the 
synchronous speed. If the cross-section is large and susceptible 
to skin effects then the AC resistance and leakage reactance 
will be a function of the machine speed. There is much 
literature about calculating the bar resistance and leakage 
reactance when skin effect is present (where the current travels 
at the top of the bar and increases the resistance and decreases 
the leakage reactance). However there is little on end-ring 
calculation except for [3] and [5] to [8]. Reference [3] is used 
as the basis of the analytical model here although it is 
modified. 
The end-rings in induction motors come in a variety of 
shapes but here we will study a simple rectangular shape, 
which varies in distance from the stator core pack. A short 
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study was conducted by Smith [9] into the effect of end-ring 
shape, although there is probably a need for more in-depth 
study in this area. In cast-aluminum rotors the end-rings tend 
to be butted-up to the core-pack whereas with fabricated-
copper cages the bars often protrude so that the end-rings are 
moved away from the core-pack. 
Firstly let us only consider the real ring and then add in the 
imaginary ring at the end of the analysis. Initially we can 
assume that the height above the rotor axis of the inner radius 
is Rad, H is the width of the ring in the radial direction, the 
width of the ring in the axial direction is D. The dimensions 
are shown in Fig. 3 (although the axes are rotated 90 degrees 
counter-clockwise compared to Fig. 2). If the ring is split into 
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where M is the number of element layers in the radial 
direction, N is the number of element layers in the axial 
direction, m = 1 to M and n = 1 to N. The self and mutual 



















    
    
     
    
    






,....... ,N M N M N M N M N M
I
M M L I     
   
   
   
   
   
    
  (3)  
 
For a set of excitation voltages, the matrix can be solved and a 
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The functions K(k) and E(k) are definite integrals which, when 
the element sizes are small so that k is nearly unity, 
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and E(k) = 1. This is obtained from [9] and is different from 
that quoted by Williamson and Mueller in [3] where they state 
that K(k) and E(k) are complete elliptical integrals and 
evaluated using 4th order polynomials as illustrated in [11]. 
However a more straightforward method uses (7) and E(k) = 1 
which proves to be a satisfactory approximation. From [9], the 
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which is again a more straightforward expression from that 
used in [3]. 
The total current is then the sum of all the current elements 
and the ac power is the sum of the power losses in each 
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The analysis so far has only considered the real ring. 
However, the image ring can now be placed at the other side of 
the boundary at the same distance from the boundary. The 
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filamentary mutual inductances between the real and imaginary 
rings can be calculated using the same set of equations using 
the correct geometrical distances between real and imaginary 
filaments. The set of self and mutual inductances for the 
imaginary ring itself will be identical to the real ring due to 
symmetry. Filaments for the imaginary ring can then included 
in the impedance matrix and the matrix solved to obtain the 
current values. However, when using this method, the mirror-
image elements in the imaginary ring will have the same 
currents as the real elements, so that the matrix size will not 
increase due to the inclusion of the imaginary ring and will 
remain at M×N since the current vector defines the real and 
imaginary ring currents. 
This algorithm can easily be implemented in an environment 
such as MATLAB. This is very simple due to the 
straightforward geometry and also, since no saturation is 
included in the model, the impedances are independent of 
driving voltages and currents. This means that the matrix can 
be can be solved using an arbitrary voltage set to produce an 
end-ring impedance that can be placed directly into a per-
phase equivalent circuit or coupled circuit of a 2d finite 
element solution. 
B. Stoll Method [4] 
This method was initially investigated since it appeared to 
be a straightforward method to implement. However, it does 
prove to be inaccurate but it is included here for completeness.  
If the bar is narrow and the radius high then a 1-dimensional 
model can be implemented. In this case D >> H and the 
variation of the current in the radial direction is limited. 
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In this case y is the axial distance, f is the frequency and 
material is copper. The current I is the total conductor current. 



















If the solution is two-dimensional then a common 
approximation is to solve the equations in each direction and 
then use superposition to obtain a value for the ac-to-dc 
resistance ratio. 
III. FINITE ELEMENT METHOD 
 
This method is used to verify the accuracy of the two 
analytical models. Fig. 3 shows a model of the end-ring with 
70 mm axial width and 10 mm radial depth. Since the Stoll 
method does not include the rotor iron then this is omitted in 
the initial model in Fig. 3. However it is added later to test the 
filamentary method. The FEA is axi-symmetric around the 
rotor axis. The inner radius of the ring is 100 mm. These 
dimensions can be automatically varied in order to generate 
look-up tables. The reason for choosing a thin ring at this stage 
is to assess the accuracy of the Stoll 1-dimensional expression 
for the current distribution. The diagram is rotated by 90 
degrees to the left compared to Fig. 2. 
 
 
Fig. 3.  Ring with dimensions of 70 mm (axial) by 10 mm (radial)  and 100 
mm inner ring radial. Lines of constant current density at a frequency of 50 
Hz. 
 
The ring was excited from an external ac voltage source of 10 
V rms. To obtain realistic current levels and allow for steel 
saturation of the rotor end-core, the voltage can be varied until 
the total current in the ring is approximately equal to that in 
the actual machine. The ac resistance was obtained by 
calculating the mean loss in the ring and the total rms current 
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which allows for the calculation of the ac-to-dc resistance 
ratio. 
The current density for this ring at 50 Hz is shown in Fig. 4. It 
can be seen that there is a ratio of about 2:1 between the 
maximum and minimum current densities at the different radii. 




Fig. 4.  Current density profile for ring in Fig. 3 using FEA 
IV. COMPARISONS OF SIMULATIONS 
A. Comparison of Methods with no Rotor Core and Narrow 
End-Ring 
Fig. 5 shows a comparison of the three methods for the 10 by 
70 mm ring. It can be seen that the current density of the FEA 
and filamentary methods compare well with each other but the 
Stoll method gives poor results. This is reflected in the values 
of Rac/Rdc which are FEA = 1.09, Elemental = 1.11, Stoll = 
3.75. The elemental method uses elements of 1 mm2 rather 
than the graded sizes as shown in Fig. 2. Detailed comparisons 
between the Stoll and FEA methods showed poor correlation 
for many of the geometries, which prompted the use of the 
elemental method. If 1 mm2 elements are used then 700 
elements are required. However, by inspection of Fig. 5 it is 
clear that the centre region does not require this high density of 
elements whereas the edge regions require a high density. 
Therefore, to reduce the computation time a method was 
adopted where the size of the elements was graded and the 
number of elements assigned as a function of the ring 
dimensions compared to the skin depth. 
 
Fig. 5.  Current density variation, using three different methods, for the ring 
in Fig. 3 and a radius of 105 mm. 
 
Experience shows that a maximum of about 15 by 15 elements 
should suffice but it may be less depending on the skin effect. 
The solution is then fast if skin effect is negligible.  
For the nth element in the ring width D then the total number of 
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where KN is a refinement integer – the higher the number the 
more elements are obtained. The reference width of the 
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where KC is a concentration factor – the higher the factor the 
more concentrated the elements at the edge.  In the simulations 
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A similar set of equations exists for the radial thickness H to 
define the M number of radial elements of the ring. Hence we 
now have a set elements defined across the ring cross section 
which numbers N × M that are non uniform in size and 
concentrated at the edge of the ring. 
 
B. Comparison of Graded Element Method with FEA 
Including Rotor core 
The model was verified using Cedrat Flux2D. Because of 
the number of solutions necessary and the continually 
changing nature of the geometry when comparing end-ring 
sizes and locations then only one solution was manually 
obtained. The Flux2D .spi files from this simulation were used 
as skeleton programs and incorporated into PASCAL 
programs specially written to automatically generate a set of 
.spi files for each solution (incorporating the changes in 
geometry and frequency). The node densities along the edges 
were made a function of the edge length to produce a good 
mesh in each case. The whole set of simulations could then be 
run automatically one after the other using a .bat file (again 
generated automatically by use of a PASCAL program).  
Therefore several hundred solutions could be run in one 
operation. The Flux2D geometry editor used was PREFLU. 
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Fig. 6.  Comparison of FEA and elemental method. End-ring is 30 mm square 
with inner radius of 100 mm and frequency of 400 Hz 
 
 Fig. 6 shows the change in resistance ratio (Rac/Rdc) with 
distance from the core-pack of the ring. The frequency was 
increased to a high level (400 Hz is airplane power system 
frequency) to emphasize the effect. Obviously a ring of this 
size suggests a large machine that would not normally be 
found on an airplane. 
 
C. Current Density Across the Ring  
Fig. 7 shows the variation of current diagonally across the 
bar for the FEA analysis from the inner-radius corner away 
from the core to the outer-radius corner nearest the core (Fig. 5 
illustrated the coherence between the FEA and analytical 
model). While the densities are high this is purely an arbitrary 
level. The FEA was a linear solution and a nominal voltage of 
10 V was applied to the ring as a driving voltage. The voltage 
magnitude does not affect the current distribution in these 
simulations. The current is highest on the inner surface of the 
ring and furthest away from the core. If the ring is placed close 
to the rotor core then the current density is increased due to the 
increased skin effect. This can be used to shape the ring and 
produce different impedance characteristics. Fig. 8 shows the 
current density along the inner edge of the ring. Figs. 7 and 8 
show that there is little current in the centre of the ring in these 
conditions and it rises steeply towards the edges. It should be 
borne in mind that this simulation uses an extremely high 
frequency (airplane power system frequency), which are used 
deliberately order to illustrate the effect and why we wish to 
concentrate the elements at the edges. 
V. EFFECT ON MACHINE PERFORMANCE 
A. Motor Specifications 
Two 3-phase motor designs were used to investigate the 
effects of the end-ring skin effect. The first is a 100 hp 4-pole 
60 Hz motor and the second is a 300 hp 12-pole 60 motor. 
Relevant details are given in Table I. These were obtained 
using the SPEED software from The University of Glasgow 
which has been found to be accurate in calculating the 
parameters in machines of this type. This software takes into 
account deep bar effects in the rotor bars (as can be observed) 
although it does not include skin effect in the end-rings. It can 
be seen, by looking at the referred rotor bar resistance at rated 
load and at standstill (where the current frequency in the rotor 
changes from slip frequency [= p.u. slip × supply frequency] to 
supply frequency), in conjunction with the referred rotor 
resistance, that the 100 hp has a high variation of the rotor 
impedance due to deep bar effects compared to the 300 hp 
motor. 
 
Fig. 7.  Current density across diagonal of 30 mm by 30 mm ring at 400 Hz. 
Curves start at inner corner away from the stack. 
 
 
Fig. 8.  Current density on inner surface of 30 mm by 30 mm ring at 400 
Hz. Curves start at corner away from the stack and the ring is 2 mm from 
stack 
B. 100 HP Motor  
The motor simulation was run over the whole speed range 
from start to synchronous speed. Fig. 9 shows the difference in 
torque to be quite small. Without skin effect in the end-ring, 
the starting torque is 0.6189 kNm compared to 0.6277 kNm 
which is only a 1.4 % increase. The starting current and input 
power show similar increases from 601.5 A to 602.9 A and  
138.5 kW to 140.2 kW. Fig. 10 shows the variation of the end-
ring resistance and end-ring reactance. These values are 
referred to the stator using the square of the stator-to-end-ring 
turns ratio, which is 12034 in this instance. The small ripple is 
due to the change in the number of radial segments which 





Fig. 9.  Torque speed curve for the 100 HP motor 
 
It can be seen that there is little influence on the torque of the 
skin effect in the end-ring. However, it can be observed that at 
start, the referred bar resistance is 0.3482 ohm compared to 
0.0155 ohm for the end-ring resistance; hence the referred end-
ring resistance is small compared to the referred bar resistance 
(4.45 %). The ratio of end-ring-to-bar areas is 605.6/112 = 5.4 
whereas in terms of ratio of end-ring current to bar current this 
is 4.0. Therefore the end-ring is oversized and can be reduced 
to increase the starting torque. This will obviously be at the 
expense of efficiency. However if the width of the ring is 
halved to 5 mm the influence of doubling the end-ring 
resistance is still small with the torque increasing  from 0.6347 
kNm to 0.6417 kNm which is only a difference of 1.1 %,  
because the skin effect is decreased by the reduction in ring 
size. 
 
Fig. 10.  Variation of end-ring resistance and reactance with speed for 100 HP 
motor 
 
C. 300 HP Motor  
The 12-pole 300 hp motor simulation was now run 
producing the torque/speed curve in Fig. 11. The peak torque 
to starting torque ratio is now much higher. The starting torque 
is increased from 396.5 Nm to 425.6 Nm which is an increase 
in starting torque of 7.3 %. This illustrates that this work is 
most relevant to very large machines where the starting torque 
is quite low. The distribution in the end ring is shown in Fig. 
12 at start and Fig. 13 at full load. The markers indicate the 
centre of the ring segment and the figures represent the full 
radial width of the ring. At start there are 15 segments with 
concentration at the edges whereas at full load there are 5 
segments since the current variation is more uniform and only 
the distribution due to the arc of the ring where the resistance 
path round the inner surface of the ring is less than the outer 
surface. Whether this distribution would be reflected in reality 
is open to debate since the current is injected in the top half of 
the bar and the arc between bars is only 2.43 mechanical 
degrees. However the ratio in both of these motors of end-ring 
to bar current is about 4 so that only 25% of current will be 
leaving the end-ring into the bar at the ring/bar junction. 
The segments in Fig. 12 do seem to be clustered at the edges 
of the ring. By adjusting KC and KN these can be spread out 
more if desired.  
At standstill the referred bar resistance is 0.762 ohm 
compared to 0.1889 ohm for the referred end-ring resistance 
(i.e., 24.8 %) – obviously showing an increase in the effect of 
the end-ring. At rated speed the referred bar resistance is 0.570 
ohm compared to 0.1263 ohm (22.1 %) Comparing the end-
ring-to-bar cross section areas: 692.2/89.5 = 7.73. The end-
ring-to-bar current ratio is 3.94. Hence, to increase the starting 
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torque then the rotor end-rings size can be reduced safely. 
However when this is done (by reducing the end-ring widths 
from 12.7 mm to 8 mm in the simulations), the starting torque 
increases from 425.6 Nm to 437.0 Nm. However the increase 
due to skin effect of the end-rings drops from 7.3 % to 5.7 % 
(the starting torque without end-ring skin effect is 413.6 Nm).   
 
  
Fig. 11.  Torque speed curve for the 300 HP motor 
 
Fig. 12.  Current density in the end-ring of the 300 HP motor at start 
VI. CONCLUSION 
This paper has highlighted a simple yet effective method for 
calculating the adjustment necessary to the end-ring impedance 
in a cage induction motor. This method can be used in 
conjunction with an analytical circuit method or a 2d finite 
element calculation. It uses a method first developed by 
Williamson and Mueller [3] but which is developed further to 
allow for grading of the end-ring elements to cut down on the 
number of elements and concentrate them at the edges where 
the change of current from element to element is greatest. The 
method was verified using a finite element analysis. The first 
part discussed the modeling method in sufficient detail to 
allow implementation while the second part illustrated the 
effect this calculation can have on induction motor 
performance. The effect on performance is very much a 
function of the motor design. In this instance a 100 hp motor 
only showed an increase of 1.4 % in starting torque when skin 
effect was included in the model whereas for the 300 hp motor 
(which had a very peaky torque characteristic with low starting 
torque), the starting torque increased by 7.3 % when end-ring 
skin effect was included. 
If the end-ring skin-effect model is included in the harmonic 
torque, where the harmonic rotor frequencies are much higher, 
then the change in end-ring impedance will be even more 
substantial. In the two motors examined here the asynchronous 
torques were found to be low. 
Fig. 13.  Current density in the end-ring of the 300 HP motor at full load (slip 
= 1.5 %) 
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